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Abstract
This paper reports a novel meshless scheme for the numerical simulation of bubbles moving
in an incompressible viscous fluid. In this paper, the motion of the bubble is modelled on
the basis of the level set formulation for capturing the moving interface between the bubbles
and the surrounding fluid, and the Navier-Stokes equations (with surface tension taken into
account) for the ambient incompressible viscous flow. The new numerical scheme is then
devised in which the Integrated Radial Basis Function Network (IRBFN) method is used for
spatial discretization of the governing equations and high-order time stepping methods are
used for temporal discretization. As a result, the moving interface is captured at all time as
the zero contour of a smooth function (known as the level set function) without any explicit
computation of the actual front location. A numerical simulation of two bubbles moving,
stretching and merging in an incompressible viscous fluid is performed to demonstrate the
working of the present scheme.
Introduction
Numerical methods for moving interface problems or interfacial flows have been increasingly
studied in recent years. There are two approaches to such problems: moving-grid and fixed-
grid methods. In the moving-grid methods, the interface is treated as the boundary of a
moving surface-fitted grid [1]. This approach allows a precise representation of the interface
whereas its main drawback is the severe deformation of the mesh as the interface moves,
especially when its topology changes. The second approach which is based on fixed grids
includes tracking and capturing methods. The tracking methods explicitly represent the
moving interface by means of predefined markers [2]. In capturing methods, on the other
hand, the moving interface is not explicitly tracked, but rather captured via a characteristic
function. Among the capturing methods are phase field method [3], volume-of-fluid method
[4] and level set method [5]. The characteristic function used to implicitly describe the
moving interface is the order parameter in the phase field method, volume fraction in the
volume-of-fluid method and level set function in the level set method. For these methods,
no grid manipulation (e.g. rezoning/remeshing) is needed to maintain the overall accuracy
even when the interface undergoes large deformation. In this paper, the level set method is
used to capture the moving interfaces.
The underlying idea of the level set method is to embed a moving interface Γ as the zero level
set of a smooth function φ(x, t) known as the level set function [5]. The moving interface is
then captured at all time by locating the set of Γ(t) for which φ vanishes. In other words,
instead of being explicitly tracked, the interface is implicitly captured as the zero contour of
the level set function that is advected with time by a transport equation known as level set
equation. The level set method has been applied widely in fluid dynamics, see e.g. [6, 7, 8],
to name just a few. In this work, the level set formulation is implemented in a meshless
framework based on radial basis functions (RBFs).
The application of RBFs for solving PDEs was first proposed by Kansa [9, 10] where a global
multiquadrics (MQ) scheme was used together with the collocation method to solve parabolic,
hyperbolic and elliptic PDEs. This method is hereby referred to as Kansa’s method. Since
its introduction, the method has been widely applied to various transient problems, see e.g.
[11, 12, 13], to name just a few. Recently, Mai-Duy and Tran-Cong [14, 15, 16] proposed a
new method, namely the Indirect/Integrated Radial Basis Function Network (IRBFN) for
approximating functions and their derivatives, and solving elliptic differential equations. In
Kansa’s method, a function is first approximated by the RBFs and its derivatives are then
calculated by differentiating such closed form RBFs approximation. In the IRBFN method,
on the other hand, the highest derivative is first decomposed into radial basis functions.
Lower derivatives and the function itself are then successively obtained via symbolic integra-
tions. More recently, Mai-Cao and Tran-Cong [17] extended the method for solving transient
problems including those governed by parabolic, hyperbolic and convection-diffusion equa-
tions. In this paper, the method is further developed for a particular class of interfacial
flows, i.e. bubbles moving in an incompressible viscous flow.
Mathematical formulations
Consider a rectangular cavity Ω with boundary ∂Ω containing two incompressible, viscous,
immiscible fluids (figure 1, t = 0.0). Let ρ1, µ1 be the density and viscosity of the fluid 1
(the bubbles and the top layer), and ρ2, µ2 are the corresponding properties of the fluid 2
(the bottom layer initially surrounding the bubbles). The difference in density ρ2 − ρ1 > 0
provides the driving force for the upward motion of the bubbles (gravity is downward).
Navier-Stokes equations
The motion of each fluid is governed by the Navier-Stokes equations as follows
ρ1
∂u1
∂t
+ ρ1(u1 · ∇)u1 = −∇p+ 2µ1∇ ·D+ ρ1g, ∇ · u1 = 0, (1)
ρ2
∂u2
∂t
+ ρ2(u2 · ∇)u2 = −∇p+ 2µ2∇ ·D+ ρ2g, ∇ · u2 = 0, (2)
where ui, i = 1, 2 is the velocity of the fluids, p is the pressure, D is the rate-of-strain tensor,
and g is the gravity. For immiscible incompressible fluids, the density and viscosity are taken
as constant along the trajectories of fluid particles, i.e.
∂ρ1
∂t
+ u1 · ∇ρ1 = 0, ∂µ1
∂t
+ u1 · ∇µ1 = 0, (3)
∂ρ2
∂t
+ u2 · ∇ρ2 = 0, ∂µ2
∂t
+ u2 · ∇µ2 = 0, (4)
The boundary conditions are no-slip on the bottom and top of the cavity whereas free-slip
boundary conditions are imposed along the vertical walls. The boundary conditions at the
interface Γ between the two phases are [1]
(τ1 − τ2) · n = σκn, and u1 = u2, (5)
where τ = −pI+2µD is the total stress tensor, n is the unit normal to the interface, κ = ∇·n
is the curvature of the interface, and σ is the coefficient of surface tension.
Level set formulation
In light of the level set method, the moving interface Γ(t) between the two phases is embedded
as the zero level set of a higher dimensional function φ(x, t) known as the level set function
Γ(t) = {x ∈ R2| φ(x, t) = 0} (6)
where
φ(x, t) =
8<
:
+d(x, t) > 0 x ∈ Ω+
0 x ∈ Γ
−d(x, t) < 0 x ∈ Ω−
(7)
in which d(x, t) represents the Euclidean distance from x to the interface, Ω− and Ω+ are
the regions occupied by fluid 1 and 2, respectively. The interface Γ(t) can be then captured
at any time by locating a set of points for which φ vanishes.
Since the density and viscosity are constant in each fluid, they take two different values
depending on the sign of φ. Therefore, one can define
ρ(φ) = ρ1 + (ρ2 − ρ1)H(φ) (8)
µ(φ) = µ1 + (µ2 − µ1)H(φ) (9)
where H(φ) is the Heaviside function given by
H(φ) =
8<
:
0 φ < 0
1
2
φ = 0
1 φ > 0
(10)
The governing equations (1) and (2) can be then rewritten as follows
ρ(φ)
∂u
∂t
+ ρ(φ)(u · ∇)u = −∇p+∇ · (2µ(φ)D) + ρ(φ)g (11)
∇ · u = 0, (12)
where u is the fluid velocity
u =

u1, φ ≤ 0
u2, φ > 0,
(13)
Since the interface moves with the fluid particles, the evolution of function φ is then given
by
∂φ
∂t
+ u · ∇φ = 0. (14)
The original two-phase flow is now governed by (11), (12), (14) along with boundary condi-
tions on the domain boundary as well as on the interface. In other words, instead of directly
tracking the moving interface, one evolves the level set function by (14) with the velocity field
updated from (11) and (12) taking into account boundary conditions. Whenever needed,
the interface can be reconstructed from the zero level set of φ(x, t) as defined in (7).
It is noted that the boundary condition (5) represents the jump in the normal stress at the
moving interface balanced by the surface tension. Brackbill et al. [18] proposed a contin-
uum approach in which the surface tension was modelled as volume force rather than as a
boundary condition at the interface (5). This approach eliminates the need for explicitly
reconstructing the interface at every time step, and is used in this paper. The equation of
motion (11) is then rewritten as follows
ρ(φ)
∂u
∂t
+ ρ(φ)(u · ∇)u = −∇p+∇ · (2µ(φ)D)− σκ(φ)δ(φ)∇φ+ ρ(φ)g (15)
where δ(φ) is a one-dimensional Dirac delta function. The curvature κ(φ) can be expressed
in terms of φ as follows [7]
κ(φ) = ∇ · ∇φ|∇φ| (16)
The equation of motion (15) can be written in dimensionless form as follows
∂u
∂t
− (u · ∇)u = ∇p
ρ(φ)
+
1
Re
∇ · (2µ(φ)D)
ρ(φ)
+
1
Bo
κ(φ)δ(φ)∇φ
ρ(φ)
+ gu (17)
where gu is the unit gravitational force (pointing downward), and the dimensionless coeffi-
cients, Reynolds number, Re, and Bond number, Bo, are given by
Re =
(2R)3/2
√
g ρ2
µ2
, Bo =
4 ρ2 g R
2
σ
(18)
in which R is the bubble radius. The dimensionless density and viscosity are
ρ(φ) = ζ + (1− ζ)H(φ), (19)
µ(φ) = η + (1− η)H(φ), (20)
where ζ = ρ1/ρ2 and η = µ1/µ2.
The equation (17) is rewritten in such a way that (12) and (21) are in the form of the
Navier-Stokes equations for which a numerical scheme is available [19]
∂u
∂t
+N(u) = −∇P + 1
Re
L(u) + f (21)
where
N(u) = (u · ∇)u (22)
L(u) =
∇ · (2µ(φ)D)
ρ(φ)
(23)
P =
p
ρ(φ)
(24)
f =
1
Bo
κ(φ)δ(φ)∇φ
ρ(φ)
+ g (25)
It is noted that while φ(x, t) is initialized as a signed distance function from the free surface
[7], this is not necessarily true as time proceeds. In order to keep the numerical solution
accurate, one needs to reinitialize φ(x, t) to be the signed distance function from the moving
interface Γ after certain period in time. This is accomplished by solving the following problem
to steady state [6]
∂φ
∂τ
= S(φ¯)(1− |∇φ|), (26)
φ(x, τ = 0) = φ¯(x), (27)
where φ¯ is the level set function before reinitialization, τ is an artificial time variable, and
S denotes the smoothed sign function
S(φ¯) =
φ¯p
φ¯2 + 2
(28)
where  can be chosen to be the minimum distance from any data point to the others.
Numerical schemes
Step 1: Initialize the level set function φ(x) to be the signed distance to the interface as
described by (7);
Step 2: Update the velocity field using the current value of the level set function. This
involves solving the Navier-Stokes equations governing the whole viscous flow field (12),(15);
Step 3: Solve the level set equation described by (14) for one time step using the newly
updated velocity field from step 2;
Step 4: Re-initialize the level set function that has just been calculated from the previous
step to a signed distance function. This is done by solving (26)-(27) to steady state using
(28) as a smoothed sign function;
Step 5: The interface as the zero contour of the level set function has now been advanced
one time step. Go back to step 2 for further evolution of the moving interface until the
predefined time is reached.
Spatial discretization
The spatial derivatives presented in the mathematical formulation of the problem are ap-
proximated by the IRBFN method which is briefly reviewed here. Given a set of M data
points in the computational domain Ω ⊂ Rd, d = 1, 2, 3 and the corresponding nodal values
of a function u(x, t) at certain point in time t, U (t) = [U1(t), U2(t), ..., UM (t)]
T , the function
as well as its first- and second-order derivatives are approximated by the IRBFN method as
follows
u,jj(x, t) ≈ u˜,jj(x, t) = g,jj(x)TG−1U (t), (29)
u,j(x, t) ≈ u˜,j(x, t) = g,j(x)TG−1U (t), (30)
u(x, t) ≈ u˜(x, t) = g(x)TG−1U (t) (31)
where
g,jj(x) = [g1,jj(x), g2,jj(x), . . . , gN,jj(x)]
T . (32)
g,j(x) = [g1,j(x), g2,j(x), . . . , gN,j(x)]
T , (33)
g(x) = [g1(x), g2(x), . . . , gN (x)]
T , (34)
and N is the number of basis functions to be used. In the IRBFN method, gi,jj(x), i =
1, . . . ,M are chosen to be radial basis functions
gi,jj(x) =
q
r(i)
2
+ s(i)
2
, (35)
where r(i) = ||x − x(i)|| is the Euclidian norm of vector (x − x(i)); s(i) is the RBF shape
parameter which can be calculated by
s(i) = β d(i)
min
, (36)
where β is a user-defined parameter and d(i)
min
is the distance from the ith center to its
nearest neighboring center [20]; g,j(x) and g(x) are obtained by successively integrating
g,jj(x) in j
th direction once and twice, respectively; G is the IRBFN coefficient matrix
associated with the jth direction. Details on the IRBFN-based approximation for time-
dependent functions and their derivatives are given in [17].
Temporal discretization
For the level set equation: The level set function and its derivatives are written as a linear
combination of N radial basis functions
φ(x, t) = gT (x)G−1φ(t), (37)
φ,j(x, t) = g
T
,j(x)G
−1φ(t), j = 1, 2, (38)
where φ(t) is the vector of nodal values of the level set function at time t. (14) can be then
solved by the IRBFN-based semi-discrete scheme [17] for the level set function at every data
point within the time interval of interest. It is noted that various high-order ODE solvers
can be applied to solve the system, such as fourth order Runge-Kutta or Adams-Bashforth-
Mouton methods.
For the unsteady Navier-Stokes equations: A stiffly stable scheme is used to solve the Navier-
Stokes equation for stability enhancement. The scheme is based on backward differentiation
formula (BDF) with which the Navier-Stokes equations can be written in semi-discrete form
as follows
γ0u
n+1 −PJi−1q=0 αqun−q
∆t
= −∇P¯n+1 +
Je−1X
q=0
βqN(u
n−q) +
1
Re
L(un+1) + fn+1, (39)
where γ0, αq are the standard coefficients of stiffly stable schemes corresponding to order Ji.
The coefficients βq are coefficients for the explicit contributions corresponding to order Je.
P¯n+1 is given from the extrapolation formula
P¯n+1 =
k−2X
j=0
cjP
n−j , k ≥ 2, (40)
where cj , j = 0, . . . , k − 2 are the coefficients corresponding to order k of the extrapolation
scheme. Interested readers are referred to [19] for the details of the solving procedure.
Numerical results
Consider a rectangular cavity having the size of (0, 1) × (0, 2). Two bubbles with radius of
R = 0.2 are initially lined up vertically in the bottom part of the cavity where the heavier
fluid lies. The fluid inside the bubbles is the same as the light fluid occupying the top
part of the cavity. The density ratio, ζ = 25, and viscosity ratio, η = 1. Reynolds number
Re = 20 and the Bond number Bo = 40. The dimensionless density and viscosity outside the
bubbles are then equal to 1. The domain is discretised by 375 randomly distributed points.
(However, the pictorial representation of the results uses a regular grid for convenience.) The
ODE solver can adjust the time step size automatically and the initial time step is 0.005. As
can be seen from the movie and figures 1-2, under the effect of gravity, the two bubbles move
upwards, stretch and merge together. The two bubbles completely collapse at the interface
between the two immiscible fluids in the cavity. The numerical results show that the extreme
change of the bubbles topology during their motion can be captured quite naturally without
any special treatment, i.e. following the unique 5-step procedure presented in the numerical
scheme section.
Concluding remarks
A further development of the Integrated Radial Basis Function Network method has been
presented in this paper where a meshless level set scheme is devised for interfacial flows.
The present scheme combines the highly accurate IRBFN approximator with the advantage
of the level set method in dealing quite naturally with the moving interface as the zero
contour of a smooth function. At each time step, unsteady Navier-Stokes equations are
solved by a second-order semi-implicit scheme in the meshless IRBFN framework whereas
the level set equation is solved by an IRBFN-based semi-discrete scheme. Numerical results
on the simulation of bubbles moving, stretching and merging in an ambient incompressible
viscous flow show the good capability of the present scheme for this particular interfacial
flow problem.
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Figure 1: Two bubbles (viscous incompressible fluid 1) are submerged in an incom-
pressible viscous fluid (fluid 2, heavier than fluid 1, bottom layer) at t = 0.0. The
bubbles rise upwards, stretch, merge together and with the top layer (fluid 1).
Figure 2: After the bubbles break through the original interface between the two
fluids, the new interface gradually evolves with time.
